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4 Kxoo0Zklwh Prgho

� Irupxodv xvlqj vkruw udwh vwdwh % E|� � Khuh @ lv phdq uh0

yhuvlrq sdudphwhu/ j lv yrodwlolw|/ 8 Efc |� lv lqvwdqwdqhrxv

iruzdug udwh +nqrzq dw wlph f,

o E|� ' 8 Efc |� n % E|� c
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� Erqg sulfhv duh ixqfwlrqv ri vkruw udwh=

� E|c A � ' R E% E|� c |c A � c

zkhuh wkh +ghwhuplqlvwlf$, ixqfwlrq R E%c |c A � lv jlyhq e|

R E%c |c A � '

� Efc A �

� Efc |�

i T i�K EA � |� � %n @ E|c A �j c

@ E|c A � ' �
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EA � |� �

� KZ prgho lv Pdunryldq lq rqh idfwru=

� Idfwru lv vkruw0udwh vwdwh % E|� zklfk lv d Pdunry surfhvv

+vhh irupxod +4,,1

� Wkh zkroh whup vwuxfwxuh dw wlph | lv d ghwhuplqlvwlf

ixqfwlrq ri idfwru % E|�1
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5 Urooedfn

� Urooedfn @ edfnzdug lqgxfwlrq1

� Jlyhq wkh ydoxh ri dq lqvwuxphqw dw wlph A / frpsxwh lwv

ydoxh dw vrph suhylrxv wlph |/ | 	 A 1

� Ydoxhv ri doo lqvwuxphqwv +qrq0sdwk0ghshqghqw, duh ghwhu0

plqlvwlf ixqfwlrqv ri wkh vkruw udwh vwdwh %$

� Vlpsoh h{dpsoh= urooedfn d erqg � E�c A �

� Dw pdwxulw| wlph A / wkh ydoxh ri d erqg lv d ixqfwlrq

ri % ' % EA � wkdw lv htxdo wr ��f iru doo %(

� Dw vrph suhylrxv wlph |/ +vhh irupxodv ehiruh,

� E|c A � ' R E% E|� c |c A � �

� Vdph dssolhv wr doo lqvwuxphqwv1 �Urooedfn� lv d surfhgxuh

zkhuh

Ydoxh dw A dv d ixqfwlrq ri % EA � ', Ydoxh dw | dv d ixqfwlrq ri % E|� 1

� Vxssrvh zh kdyh d sd|r� f dw wlph A wkdw lv d +ghwhuplq0

lvwlf, ixqfwlrq ri % EA �/ vxfk wkdw

f ' T E% EA �� �

Ghqrwh wkh uhvxow ri urooedfn +ghwhuplqlvwlf ixqfwlrq ri % E|�,

e|

4 iTc A $ |j E%� c

vr wkdw zh kdyh +frpsduh zlwk wkh gldjudp deryh, iru wkh

v|perolf uhsuhvhqwdwlrq ri urooedfn

T E% EA �� ', 4 iTc A $ |j E% E|�� �

� Vhh Iljxuh 41
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6 Iruzdug phdvxuh lq urooedfn

� Iurp jhqhudo ulvn0qhxwudo ydoxdwlrq uhvxow/
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Dsso| A 0iruzdug phdvxuh

4 iTc A $ |j E% E|�� ' � E|c A �,W

ET E% EA ��m % E|�� �

� Ri frxuvh � E|c A � lv d ghwhuplqlvwlf ixqfwlrq ri % E|� �

� Zh zrxog olnh wr zulwh �,W

sduw� dv d ghwhuplqlvwlf ixqf0

wlrq ri % E|� dv zhoo1

� Wkh txdqwlw| ,W

ET E% EA ��m % E|�� fdq eh frpsxwhg li zh

nqrz wkh glvwulexwlrq ri % EA � jlyhq % E|� ' %1 Qhhg wkh

glvwulexwlrq xqghu A 0iruzdug phdvxuh1
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7 Iruzdug phdvxuh lq urooedfn +frqw,

� Uhfdoo wkdw xqghu ulvn0qhxwudo phdvxuh
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nU EA ��U E|� e
�d+W�w,

nj

]
W

w

e

�d+W�v,

_`
v
�

Fkdqjh wr A 0iruzdug phdvxuh1 Qrz `
W

E�� lv d +guliwohvv,

Eurzqldq prwlrq/

_`
v
' _`

W

v
� jK EA � r� _r�

Vxevwlwxwh

% EA � ' % E|� e
�d+W�w,

n U EA �� U E|� e
�d+W�w,

nj

]
W

w

e

�d+W�v,

�
_`

W

v
� jK EA � r� _r

�

' % E|� e
�d+W�w,

nU EA �� U E|� e
�d+W�w,

� U EA � |�

nj

]
W

w

e

�d+W�v,

_`

W

v
�

� Ghqrwh
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8 Iruzdug phdvxuh lq urooedfn +frqw,

� Iurp suhylrxv volgh

% EA � ' % E|� e
�d+W�w,

n _ E|c A � n� E|c A � c

zkhuh

� _ E|c A � lv d ghwhuplqlvwlf ixqfwlrq>

� � E|c A � lv d Jdxvvldq udqgrp yduldeoh zlwk }hurphdq

dqg vwdqgdug ghyldwlrq
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9 Iruzdug phdvxuh lq urooedfn +frqw,

� Soxjjlqj wkh h{suhvvlrq iru % EA � lq whupv ri % E|� lqwr

iruzdug0phdvxuh ydoxdwlrq irupxod zh jhw/

,W

ET E% EA ��m % E|� ' %�
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� Vr krz gr zh fdofxodwh ,W

ET E% EA ��m% E|� ' %� dv d ixqf0

wlrq ri %B

41 Il{ %>

51 Shuirup qxphulfdo lqwhjudwlrq ri

T

�
% � e

�d+W�w,
n _ E|c A � n D E|c A � � 5

�
? E5� +dv d ixqf0

wlrq ri 5 zlwk % �{hg,>

� Xvxdoo| zh qhhg wr nqrz ,W

ET E% EA ��m% E|� ' %� iru doo %

lq vrph udqjh> frpsxwlqj lqwhjudov iru hdfk % lv yhu| vorz1

� Zh zloo glvfxvv pruh h!flhqw phwkrgv odwhu1

� Iru qrz zh mxvw dvvxph wkdw li zh kdyh d ixqfwlrq T E%�/

zh fdq �urooedfn� lw wr vrph suhylrxv wlph1

� Vhh Iljxuh 4 djdlq1
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: Iruzdug0phdvxuh urooedfn � vxppdu|

� Rxu pdlq jrdo vr idu= h{suhvv

4 iTc A $ |j E% E|�� ' � E|c A �,W

ET E% EA ��m % E|��

dv d ghwhuplqlvwlf ixqfwlrq ri % E|�1 Vwhsv=

41 H{suhvv erqg dv d ixqfwlrq ri % E|�>

� E|c A �m
{+w,@{

' R E%c |c A � �

51 Xvh vrph qxphulfdo vfkhph zlwk sd|r� T E�� dqg vwdq0

gdug ghyldwlrq D E|c A � wr rewdlq ixqfwlrq L E+�/

L E+� '

]
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T E+ n D E|c A � � 5�? E5� _5(

61 Dffrxqw iru wkh guliw1 Vlqfh

,W
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71 Orrnlqj dkhdg/ wkh ixqfwlrq L E+� zloo eh frpsxwhg

+rq vwhs 5, iru vrph nqrwv +
q
c ? ' �c � � � c �� Wr dgmxvw

iru wkh guliw +Vwhs 6, zh kdyh wr lqwhusrodwh L ryhu wkh

nqrwv vr zh fdq frpsxwh lw iru doo +1
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; Wzlfh0h{huflvdeoh erqg rswlrq

� D wzlfh0h{huflvdeoh Ehupxgd0vw|oh erqg rswlrq lv d uljkw wr

ex| d erqg rq rqh ri wkh wzr gdwhv1

� Frqvlghu wkh gdwhv

f ' |3 	 |4 	 |5 	 |6c

dqg wzr vwulnhv/ g4 +iru gdwh |4, dqg g5 +iru gdwh |5,1

� Wkh erqg wkdw wkh kroghu kdv wkh uljkw wr ex| lv wkh glv0

frxqw erqg � E�c |6� +sd|lqj rq |6,1

� D kroghu ri wzlfh0h{huflvdeoh erqg rswlrq kdv wkh uljkw +qrw

wkh reoljdwlrq, wr h{huflvh rq gdwhv |4 dqg |5/

� Li kh h{huflvhv rq gdwh |4 kh sd|v wkh vwulnh g4 dqg jhwv

wkh glvfrxqw erqg>

� Li kh h{huflvhv rq gdwh |5 kh sd|v wkh vwulnh g5 dqg jhwv

wkh glvfrxqw erqg>

� Rqfh h{huflvhg/ wkh rswlrq jrhv dzd|1
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< Edfnzdug lqgxfwlrq iru Ehupxgd0vw|oh rs0

wlrqv

� Dphulfdq dqg Ehupxgdq0vw|oh rswlrqv duh ydoxhg e| orrn0

lqj dw hdfk h{huflvh gdwh �edfnzdugv�1

� Ghqrwh .
l
wkh �h{huflvh� ydoxh ri wkh rswlrq rq gdwh |
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/

� ' �c 2(

� GhqrwhM
l
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l
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43 Edfnzdug lqgxfwlrq iru Ehupxgd0vw|oh rs0

wlrqv +frqw,

� Hyhu|wklqj fdq eh h{suhvvhg lq whupv ri vkruw udwh+v,1 Gh0

�qh ghwhuplqlvwlf ixqfwlrqv
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l
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E%� c K

l
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e|

.
l
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E% E|
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� Uhzulwh lq ghwhuplqlvwlf0ixqfwlrq irup

�5 E%� ' fc

e5 E%� ' R E%c |5c |6��g5c

K5 E%� ' 4@ ie5 E%� c �5 E%�j c

�4 E%� ' 4 iK5c |5 $ |4j E%� c

e4 E%� ' R E%c |4c |6��g5c

K4 E%� ' 4@ ie4 E%� c �4 E%�j c

K3 E%� ' 4 iK4c |4 $ |3j E%� �

� Ilqdo ydoxh ri wkh Ehupxgd rswlrq +uhfdoo wkdw % Ef� ' f,

�@*�i E| ' |3� ' K3 Ef� �

� Wzr �urooedfnv� qhhg wr eh shuiruphg=

� Rqh iurp |5 wr |4 zlwk sd|r� K5 E%� (

� Wkh rwkhu iurp |4 wr |3 zlwk sd|r� K4 E%� �
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44 Ih|qpdq0Ndf iru urooedfn

� Wkh vfkhph deryh zrunv zhoo h{fhsw dfwxdo phfkdqlfv ri d

�urooedfn� duh qrw fohdu1

� Zh qhhg wr eh deoh wr frpsxwh

} E+� '

]
4

�4

C E+ n S5�? E5� _5 +5,

zkhuh ? E5� lv d vwdqgdug Jdxvvldq ghqvlw|1 Wklv kdv wr eh

grqh iru doo + +ru dw ohdvw doo + lq vrph udqjh,$

� Gluhfw lqwhjudwlrq lv kljko| lpsudfwlfdo1

� Uhfdoo |rxu Vwrfkdvwlf Fdofxoxv +4<<<, ohfwxuhv/ Ohfwxuh 8

Wkhruhp 51

Wkhruhp 4414 +Ih|qpdq0Ndf vshfldo fdvh, Wkh ixqfwlrq } E+�

dv gh�qhg lq +5, lv htxdo wr

} E+� ' s E+c f�

zkhuh ixqfwlrq s E+c |� vdwlv�hv wkh khdw htxdwlrq

Ys E+c |�

Y|

' �

S
5

2

Y
5
s E+c |�

Y+
5

iru

E+c |� 5 U� dfc �o

zlwk whuplqdo frqglwlrq

s E+c �� ' C E+� �

� Wklv lv d yhu| vwdqgdug sureohp iurp qxphulfdo dqdo|vlv

dqg wkhuh duh wrqv ri phwkrgv iru vroylqj wklv sduwlfxodu

htxdwlrq1
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45 Lqwhjudwlqj khdw htxdwlrq

� Zh qhhg wr vroyh wkh khdw htxdwlrq lv suhvhqwhg lq Wkhruhp=

�qg s E+c |� iru

E+c |� 5 U� dfc �o

vxfk wkdw lqvlgh wkh grpdlq

Ys E+c |�

Y|

' �

S
5

2

Y
5
s E+c |�

Y+
5

+6,

dqg iru | ' �

s E+c �� ' C E+� � +7,

� Lq rxu htxdwlrq + 5 E�4c4�1 Qxphulfdo phwkrgv zrun

ehvw lq erxqghg grpdlq1 Fkrrvh vrph

�4 	 +plq 	 f 	 +pd{ 	4

vxfk wkdw

m+plqm c m+pd{m odujh +8,

+zloo fkrrvh odwhu,1 Vroyh +6, lq wkh grpdlq

E+c |� 5 d+plqc +pd{o� dfc �o �

Krzhyhu/ qhhg erxqgdu| frqglwlrqv iru + ' +plq dqg + '

+pd{1

� Erxqgdu| frqglwlrqv grq*w uhdoo| pdwwhu dv orqj dv +8, lv

vdwlv�hg1 Xvh frqvwdqw erxqgdu| frqglwlrqv iru h{dpsoh=

s E+plqc |� ' C E+plq� c | 5 dfc �o c +9,

s E+pd{c |� ' C E+pd{� c | 5 dfc �o �

� Jrdo= vroyh qxphulfdoo| +6,/ +7, dqg +9,1
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46 Ilqlwh0gl�huhqfh vfkhph

� Uhfdoo wkh sureohp iurp suhylrxv volgh= vroyh

Ys E+c |�

Y|

' �

S
5

2

Y
5
s E+c |�

Y+
5

c

s E+c �� ' C E+� c + 5 d+plqc +pd{o c

s E+plqc |� ' C E+plq� c | 5 dfc �o c

s E+pd{c |� ' C E+pd{� c | 5 dfc �o �

� Glvfuhwl}h wkh grpdlq1 Fkrrvh lqwhjhuv � / � dqg gh�qh

� ' E+pd{ � +plq� *�c

+
q

' +plq n � � ?c ? ' fc � � � c �c

dqg

& ' �*�c

|
p

' & �6c 6 ' fc � � � c�c

dqg

s
qp

' s E+
q
c |

p
� �

� Odwwlfh whuplqdo frqglwlrqv=

s
qP

' C E+
q
� c ? ' fc � � � c ��

� Odwwlfh erxqgdu| frqglwlrqv=

s3p ' C E+3� c s
Qp

' C E+
Q
� c 6 ' fc � � � c��

� Vhh Iljxuh 51
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47 Ilqlwh0gl�huhqfh vfkhph +frqw,

� Odwwlfh htxdwlrq dw srlqw + ' +
q
c | ' |

p
/

� Wlph ghulydwlyh

Ys E+c |�

Y|

'

s E+
q
c |

p.4�� s E+
q
c |

p
�

&

'

s
q>p.4 � s

qp
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�

� Vsdfh ghulydwlyh1 Il{ k/

f � k � �c

q ' �� k�

Wkh vsdfh ghulydwlyh lv d pl{wxuh ri vhfrqg0rughu glv0

fuhwl}dwlrqv iru wkh ghulydwlyh rq wlph volfhv |
p

dqg

|
p.4=

Y
5
s E+c |�

Y+
5

' k

s
q.4>p � 2s

qp
n s

q�4>p

�
5

nq

s
q.4>p.4 � 2s

q>p.4 n s
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�
5

�

� Htxdwlrq rq wlph volfh |
p
/

s
q>p.4 � s

qp

&

' �

S
5

2

�
k

s
q.4>p � 2s

qp
n s

q�4>p

�
5

nq

s
q.4>p.4 � 2s

q>p.4 n s
q�4>p.4

�
5

�
�

� Vhh Iljxuh 61
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48 Ilqlwh0gl�huhqfh vfkhph +frqw,

� Lqwurgxfh glphqvlrqohvv sdudphwhu � /

� '

&

�
5

S
5

2

�

Wkhq

s
q>p.4 � s

qp
' ��k Es

q.4>p� 2s
qp

n s
q�4>p�

��q Es
q.4>p.4 � 2s

q>p.4 n s
q�4>p.4� c

vr

E��ks
q.4>p n E� n 2�k� s

qp
� �ks

q�4>p� +:,

' �qs
q.4>p.4 n E�� 2�q� s

q>p.4 n �qs
q�4>p.4�

� Wkh htxdwlrq frqqhfwv wkh ydoxh ri wkh xqnqrzq ixqfwlrq

rq wlph volfhv |
p.4 dqg |p1 Zh nqrz wkh ydoxh ri wkh ixqf0

wlrq iru wlph volfh |
P

' ��f1 Lq edfnzdug lqgxfwlrq/ zh xvh

wkh htxdwlrq +:, wr vroyh iru wkh ydoxh ri s rq wlph volfh

|
P�4/ wkhq |

P�5 dqg vr rq xqwlo |3 ' f�

� Vhh Iljxuh 5 djdlq1
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49 H{solflw dqg Fudqn0Qlfkrovrq

� Pdlq htxdwlrq wr vroyh

E��ks
q.4>p n E� n 2�k� s

qp
� �ks

q�4>p�

' �qs
q.4>p.4 n E�� 2�q� s

q>p.4 n �qs
q�4>p.4�

� Vlpsohvw fdvh +h{solflw glvfuhwl}dwlrq, lv zkhq k ' fc q ' �=

� Htxdwlrq

s
qp

' �s
q.4>p.4 n E�� 2� � s

q>p.4 n �s
q�4>p.4(

� Vdph dv wulqrpldo wuhh= i� c �� 2� c �j dv urooedfn sure0

delolwlhv>

� Vlpsoh exw rqo| frqglwlrqdoo| vwdeoh> li �suredelolwlhv�

duh qhjdwlyh/ wkh phwkrg eorzv xs1

� Ehvw qxphulfdo surshuwlhv lv zlwk Fudqn0Qlfkrovrq vfkhph/

k ' q ' f�D=

� Xqfrqglwlrqdoo| vwdeoh iru doo glvfuhwl}dwlrq vwhsv � dqg

&(

� Vhfrqg0rughu dffxudwh lq wlph1
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4: Pdwul{ irupdolvp

� Lpsolflw vfkhphv +lqfoxglqj F0Q, uhtxluhv vroylqj d wulgl0

djrqdo olqhdu v|vwhp iru hdfk wlph volfh |
p
1

� Gh�qh wlph0volfh yhfwruv +froxpq yhfwruv,

8
p
' ds3pc � � � c sqp>

� � � c s
Qp

o
W

�

� Gh�qh wulgldjrqdo pdwul{
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� � � � � � � 1 �2�1 � 1

f � � � f �1 �2�1

4
FFFFD
�

� Ohw . eh d xqlw pdwul{ ri wkh vdph glphqvlrqv1

� Wkh wlph0vwhsslqj htxdwlrq ehfrphv +rqo| iru }hur erxqg0

du| frqglwlrqv$,

E. �-
�
�8

p
' E. n-

�
�8

p.4c

khuh 8
p
lv xqnqrzq dqg 8

p.4 lv nqrzq>

� Iru qrq0}hur erxqgdu| frqglwlrqv wkh pdwul{ kdv wr eh

prgl�hg voljkwo| +krzB frqvxow d wh{werrn$,

� Wulgldjrqdo olqhdu v|vwhpv fdq eh vroyhg yhu| idvw$

� Li xvlqjPdwode/ xvh vsduvh gdwd vwuxfwxuhv +khos vsduixq,1

4;



4; Fkrlfh ri d grpdlq

� Xqdqvzhuhg txhvwlrq= krz wr fkrrvh +plq dqg +pd{B

� Jhqhudo lghd= fkrrvh d odujh hqrxjk lqwhuydo vr wkdw wkh

vkruw udwh % E�� kdv vpdoo suredelolw| ri hyhu jrlqj rxwvlgh

lw1

� Iru hdfk |/ % E|� lv Jdxvvldq zlwk guliw U E|� dqg vwdqgdug

ghyldwlrq

D Efc |� ' j

�
�� e

�5dw

2@

�
4@5

(

� Ohw A eh wkh odvw �lqwhuhvwlqj� wlph> iru rswlrq rq d erqg

wkdw lv wkh pdwxulw| ri wkh erqg>

� Il{ vpdoo suredelolw| � +h1j1 � ' f�fDI,>

� Ilqg d vwdqgdug qrupdo txdqwloh/

"

�����
% EA �� U EA �

D Efc A �

���� : 5
�

�
' �(

� Uhzulwh iru % EA �/

" EU EA �� 5
�
D Efc A � 	 % EA � 	 U EA � n 5

�
D Efc A �� ' ��2�(

� Vhw

+plq ' U EA �� 5
�
D Efc A � c

+pd{ ' U EA � n 5
�
D Efc A � �

4<



4< SGH yv wuhh

� Erwk vroyh wkh vdph sureohp>

� SGH vroyhu lv kdughu wr lpsohphqw/ exw lv zhoo zruwk wkh

h{wud wurxeoh1

� Pdvvlyh dprxqw ri uhvhdufk rq qxphulfdo phwkrgv iru SGH*v

lv dydlodeoh1

� Lq odwwlfh/ zh dfklhyh ghfrxsolqj ri exvlqhvv orjlf +uxohv

iru h{huflvh/ hwf1, dqg qxphulfdo phwkrgv +vroylqj sduwldo

gl�huhqwldo htxdwlrqv,1

� Vwdelolw| surshuwlhv pxfk ehwwhu iru odwwlfh

� Wuhhv pd| eorz xs li odujh wlph vwhsv duh xvhg> qhhg wr

eh fduhixo>

� Fudqn0Qlfkrovrq lv xqfrqglwlrqdoo| vwdeoh1

� Lq pxowl0glphqvlrqdo prghov/ wuhhv kdyh qr fkdqfh djdlqvw

odwwlfhv1

� Lq frqfoxvlrq/ wuhhv duh jrrg iru

� Lqlwldo hydoxdwlrq ri wkh prgho>

� Udslg surwrw|slqj>

� Prghoolqj rqh0r� lqvwuxphqw1

� Odwwlfhv duh jrrg iru

� Prghov lq surgxfwlrq>

� Kl0yroxph uxqv zkhuh vshhg/ dffxudf| dqg urexvwqhvv

duh lpsruwdqw1
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Iljxuh 41 Urooedfn

Value

x

Time

T

t

x(T)

x(t)

V(x)

ρ{V}(x)

1
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Iljxuh 51 Ilqlwh0gl�huhqfh glvfuhwl}dwlrq

y

ymin

ymax

t=0 t=1

fnm

h

k
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Iljxuh 61 Wlph vwhsslqj lq d odwwlfh

t

fnm fn,m+1

fn-1,m

fn+1,m fn+1, m+1

fn-1,m+1

tm tm+1

y

yn

yn+1

yn-1
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