
LQWURGXFWLRQ WR KXOO0ZKLWH PRGHO

YODGLPLU SLWHUEDUJ

41 Kr0Ohh

4141 Lqwurgxfwlrq1 Zh ghqrwh wkh gulylqj Eurzqldq prwlrq e| `

|

dqg zrun xqghu wkh ulvn0qhxwudo phdvxuh"1 Dv zh nqrz iurp ^O4`/ dq|

+rqh0idfwru, KMPprgho lv frpsohwho| ghwhuplqhg e| wkh lqvwdqwdqhrxv

iruzdug udwh yrodwlolw| ixqfwlrq j E|c A � lq wkh pdlq KMP htxdwlrq

_s E|c A � ' �P E|c A � j E|c A � _|n j E|c A � _`
|

c

zkhuh zh nhhs wkh qrwdwlrq iurp ^O4`/ lq sduwlfxodu

j E|c A � ' �

Y

YA

P E|c A � c

P EAcA � ' f�

Lq jhqhudo/ j E|c A � fdq eh dv frpsolfdwhg dv zh zdqw lw wr eh1 Lw fdq

ghshqg rq s / lw fdq eh udqgrp/ hwf1 Exw vlpsoh prghov duh xvxdoo|

pruh urexvw/ dqg dq|zd| zh qhhg wr xqghuvwdqg wkhp ehiruh wdfnolqj

pruh frpsoh{ rqhv1

Zkdw lv wkh vlpsohvw srvvleoh KMP prgho wkdw zh fdq kdyhB Zhoo/

zh fdq vhw

j E|c A � � f(

wkhq

_s E|c A � ' f

dqg

s E|c A � ' s Efc A � �

Wkhuh lv qr udqgrpqhvv dqg hyhu| lqvwdqwdqhrxv iruzdug udwh lv frq0

vwdqw1 Zh pryh �dorqj� wkh lqlwldo whup vwuxfwxuh1 Wklv lv d suhww|

erulqj whup vwuxfwxuh prgho/ doehlw rffdvlrqdoo| xvhixo lq whvwlqj1

KZ Sureohp 4= Ghulyh wkh h{suhvvlrq iru � E|c A � lq wklv wulyldo

prgho1

Gdwh= Mdqxdu| 7wk/ 53341

Wkhvh duh ohfwxuh qrwhv iru Il{hg Lqfrph LL fodvv iru Ilqdqfldo Pdwkhpdwlfv

surjudp lq wkh Xqlyhuvlw| ri Fklfdjr1

4
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KZ Sureohp 5= Vkrz wkdw wkh prgho _s E|c A � ' 6_| lv qrw duelwudjh0

iuhh iru 6 9' f e| h{solflwo| frqvwuxfwlqj d }hur0frvw vhoi0�qdqflqj

sruwirolr zlwk d qrq0qhjdwlyh sd|r�1

Ohw xv uhskudvh wkh txhvwlrq1 Zkdw lv wkh vlpsohvw srvvleoh qrq0

wulyldo KMP prghoB Zh fdq vhw

j E|c A � � j

zkhuh j lv d jlyhq frqvwdqw � iruzdug udwh yrodwlolw| lv frqvwdqw1 Wklv

lv d ydolg fkrlfh ri yrodwlolw| vwuxfwxuh/ dqg zh fdq exlog d prgho iurp

lw1 Wklv prgho lv lq idfw fdoohg wkh Kr0Ohh prgho1

Klvwrulfdo qrwh= Zkloh zh ghulyh Kr0Ohh iurp wkh jhqhudo KMP vshf0

l�fdwlrq/ klvwrulfdoo| lw kdsshqhg wkh rwkhu zd| durxqg1 Iluvw Kr dqg

Ohh irupxodwhg wkhlu prgho dv d �uvw QR0DUELWUDJH prgho/ dqg

wkhq KMP jhqhudol}hg wkhlu lghd wr d zlgh fodvv ri prghov1

4151 Lqvwdqwdqhrxv iruzdug udwhv dqg d vkruw udwh1 Lw lv wulyldo

wr vroyh iru P iurp wkh htxdwlrq

�

Y

YA

PE|c A � ' jc f � | � Ac

PEAc A � ' f�

Zh kdyh

PE|c A � ' �j � EA � |� �

Wkhq wkh htxdwlrq iru s *v ehfrph

_s E|c A � ' j

2
EA � |� _|n j _`

|

c

vr wkdw

s E|c A � ' s Efc A � n j

2

]
|

f

EA � r� _rn j

]
|

f

_`

r

' s Efc A � n j

2
�
A|� |

2
*2

�
n j`

|

�

Uhfdoo rxu gh�qlwlrq ri wkh vkruw udwh=

o E|� ' s E|c |� �

Vxevwlwxwlqj A ' | lq wkh h{suhvvlrq iru s E|c A � deryh zh jhw

o E|� ' s E|c |� ' s Efc |� n j

2
�
||� |

2
*2

�
n j`

|

' s Efc |� n

j

2
|

2

2

n j`

|

�

Lw lv xvxdoo| yhu| frqyhqlhqw wr vhsdudwh wkh lqlwldo whup vwuxfwxuh

iurp wkh g|qdplf sduw1 Zh fdq gr lw yhu| hdvlo| lq rxu fdvh1 Gh�qh
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+wkh g|qdplf sduw,

% E|� '

j

2
|

2

2

n j`

|

dqg fdoo lw d vkruw0udwh vwdwh1 +qrwh wkdw wkh vkruw udwh vwdwh grhv

qrw ghshqg rq wkh lqlwldo whup vwuxfwxuh/ dqg % Ef� ' f1 Zh fdq wklqn

ri % E|� dv d ghyldwlrq iurp wkh lqlwldo whup vwuxfwxuh,1 Wkhq

o E|� ' s Efc |� n % E|� �

Zh fdq dovr h{suhvv wkh lqvwdqwdqhrxv iruzdug udwhv dv d ixqfwlrq ri

wkh vkruw udwh vwdwh

s E|c A � ' s Efc A � n j

2
�
A|� |

2
*2

�
n

�
% E|��

j

2
|

2

2

�

' s Efc A � n j

2
| EA � |� n % E|� �

Wkh g|qdplfv ri wkh whup vwuxfwxuh lv frpsohwho| ghwhuplqhg e| wkh

surfhvvhv iru doo lwv lqvwdqwdqhrxv iruzdug udwhv/ ehfdxvh hyhu|wklqj fdq

eh frpsxwhg xvlqj wkhp +vsrw udwhv/ erqgv/ iruzdug erqgv,1 Qrwh wkdw

doo iruzdug udwhv ghshqg rq d vlqjoh vrxufh ri qrlvh/ % E|�1 Pruhryhu/

% E|� lv d Pdunry surfhvv/ l1h1 li zh nqrz wkh suhvhqw/ wkh orfdwlrq ri

% E|�/ wkh ixwxuh lv lqghshqghqw ri wkh sdvw1 Wklv lv d yhu| srzhuixo

surshuw| wkdw doorzv xv wr exlog uhfrpelqlqj wuhhv +pruh rq wkdw

odwhu,1

Wr hpskdvl}h/ li zh nqrz % E|� dw wlph | zh nqrz wkh zkroh whup

vwuxfwxuh is E|c A �j

"

A'|
� Zh kdyh uhgxfhg wkh hyroxwlrq ri wkh zkroh

whup vwuxfwxuh +srwhqwldoo| lq�qlwh0glphqvlrqdo, wr wkh pryhphqw ri d

vlqjoh vwrfkdvwlf udqgrp yduldeoh % E|�/ zklfk lq dgglwlrq iroorzv d yhu|

vlpsoh surfhvv1

4161 Erqg sulfhv1 Xvxdoo| lw lv yhu| xvhixo wr kdyh vlpsoh h{suhvvlrqv

iru erqg sulfhv dw ixwxuh wlphv � E|c A � dv ixqfwlrqv ri vrph +xqlyhuvdo,

yduldeohv1 Vhhlqj wkdw zh zhuh vxffhvvixo lq h{suhvvlqj doo iruzdug udwhv

dv ixqfwlrqv ri d vlqjoh yduldeoh % E|� zh fdq krsh wr gr wkh vdph wklqj

iru erqgv1 Zh kdyh

� E|c A � ' i T

�
�

]
A

|

s E|c 7� _7

�

' i T

�
�

]
A

|

�
s Efc 7� n j

2
| E7 � |� n % E|�

�
_7

�

' i T

�
�

]
A

|

s Efc 7� _7

�
� i T

�]
A

|

j

2
| E7 � |� _7

�

� i T E� EA � |� % E|�� �
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Wkh �uvw h{srqhqw lv mxvw wkh iruzdug ydoxh ri wkh erqg dw wlph f

+nqrzq iurp wkh lqlwldo whup vwuxfwxuh, � Efc |c A � '

� EfcA �

� Efc|�
� Wkh vhfrqg

h{srqhqw lv d ghwhuplqlvwlf guliw dqg fdq eh frpsxwhg hdvlo|> zh ghqrwh

lw � E|c A �/

� E|c A � ' i T

�]
A

|

j

2
| E7 � |� _7

�

' i T

�
j

2
|

2

EA � |�

2

�
�

Dqg lq wkh vhfrqg h{srqhqw zh gh�qh

K E|c A � ' A � |

dqg revhuyh wkdw lw lv lqghhg d ixqfwlrq ri % E|� � Vr zh kdyh

� E|c A � ' � Efc |c A �� E|c A � e
3KE|cA �%E|�

dqg zh kdyh vxffhhghg lq h{suhvvlqj doo erqg sulfhv dv ixqfwlrqv ri wkh

vdph vwdwh yduldeoh % E|� �

51 Kxoo0Zklwh

5141 Irupxodv1 Wkh yrodwlolw| vshfl�fdwlrq iurp wkh suhylrxv vhfwlrq

fdq eh jhqhudol}hg vrphzkdw/ zlwk qr dgglwlrqdo frpsolfdwlrqv/ wr

j E|c A � ' je

3@EA3|�
c

zkhuh wkh frh!flhqw @ : f lv fdoohg wkh phdq uhyhuvlrq frh!flhqw +iru

uhdvrqv h{sodlqhg odwhu,1 Wklv lv wkh vr0fdoohg Kxoo0Zklwh prgho1 Wkh

irupxodv iru wkh Kxoo0Zklwh prgho duh dv iroorzv1

Yrodwlolw| ixqfwlrqv

K E|c A � '

�� e

3@EA3|�

@

c

P Erc A � ' �j � K E|c A � �

Vkruw udwh dqg lqvwdqwdqhrxv iruzdug udwhv

o E|� ' s Efc |� n % E|� c

% E|� '

j

2

2

K Efc |�

2
n j

]
|

f

e

3@E|3r�
`

|

c

s E|c A � ' s Efc A � n

j

2

2

�
K

2
Efc A �� K

2
E|c A �

�
n j

]
|

f

e

3@EA3r�
_`

r

c

s E|c A � ' s Efc A � n

j

2

2

�
K

2
Efc A �� K

2
E|c A �� e

3@EA3|�
K

2
Efc |�

�
n e

3@EA3|�
% E|� �
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Erqg sulfhv

� E|c A � ' � Efc |c A ��� E|c A � e
3KE|cA �%E|�

c

� E|c A � ' i T

�
�

j

2

2

� � e

32@|

2@

K

2
E|c A �

�
�

KZ Sureohp 6= Suryh wkhvh irupxodv e| uhshdwlqj wkh dujxphqwv

zh pdgh iru wkh Kr0Ohh prgho1

5151 Glvwulexwlrqdo surshuwlhv1 Wkh udqgrp yduldeoh % E|� lv Jdxvv0

ldq1 Lwv yduldqfh lv jlyhq e|

V@h E% E|�� ' j

2
� � e

32@|

2@

�

Wkh erqg lv orj0qrupdo/ l1h1 wkh orjdulwkp ri wkh erqg lv Jdxvvldq1

Lwv yduldqfh

V@h E*L} � E|c A �� ' j

2
K

2
E|c A �

�� e

32@|

2@

�

KZ Sureohp 7= Suryh wkhvh irupxodv1

5161 Pdunryldq surshuw|1 Dv zh fdq vhh doo pdunhw txdqwlwlhv +iru0

zdug udwhv/ erqg sulfhv, fdq eh h{suhvvhg lq whupv ri wkh vkruw udwh

vwdwh % E|�/ mxvw olnh lq wkh Kr0Ohh prgho1 Exw lv % E|� surfhvv PdunryB

Iurp wkh irupxod

% E|� ' ���n j

]
|

f

e

3@E|3r�
`

|

lw dsshduv wkdw % E|� ghshqgv rq wkh zkroh klvwru| ri ` ehwzhhq f dqg

|1

Qhyhuwkhohvv/ ohw xv frpsxwh _% E|�1 Li wkh guliw dqg gl�xvlrq frhi0

�flhqwv lq wkh uhvxowlqj htxdwlrq ghshqg rq txdqwlwlhv dw wlph | rqo|

wkhq % E|� lv Pdunry1 Zh kdyh

_% E|� ' j

2
K Efc |�

_

_|

K Efc |� _|n j_

�
e

3@|

]
|

f

e

@r

_`

r

�

' j

2
e

3@|

K Efc |� _|� @je

3@|

�]
|

f

e

@r

_`

r

�
_|n je

3@|

e

@|

_`

r

' j

2
e

3@|

K Efc |� _|n @

�
j

2

2

K

2
Efc |�� % E|�

�
_|n j _`

r

�

Diwhu vlpsol�fdwlrqv

_% E|� ' Ew E|� � @% E|�� _|n j _`

|

c+514,
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zkhuh

w E|� ' j

2
e

3@|

K Efc |� n @

j

2

2

K

2
Efc |� ' j

2
�� e

32@|

2@

c

d ghwhuplqlvwlf ixqfwlrq1

Zh fdq vhh iurp wkh htxdwlrq +514, wkdw % E|� lv lqghhg Pdunry1

5171 Phdq uhyhuvlrq1 Wkh htxdwlrq +514, pdnhv fohdu zk| @ lv fdoohg

wkh phdq uhyhuvlrq frh!flhqw1 Lw lv sursruwlrqdo wr wkh irufh zlwk

zklfk % E|� lv sxoohg wr wkh �orqj0whup dyhudjh� w E|� +qrwh wkdw w E|� lv

suhww| vpdoo vr zh fdq wklqn ri % E|� dv uhyhuwlqj wr f� Uhfdoo dovr wkh

lqwhusuhwdwlrq ri % E|� dv ghyldwlrq iurp wrgd|*v whup vwuxfwxuh,1

Zlwkrxw wkh vwrfkdvwlf sduw/ wkh htxdwlrq

_% E|� ' �@% E|� _|

kdv vroxwlrqv

% E|� ' % Ef� e
3@|

c

l1h1 % E|� h{shulhqfhv h{srqhqwldo �sxoo wr }hur� +vhh Iljxuh 4,1 Zkhq

wkh vwrfkdvwlf whup lv suhvhqw/ udqgrp vkrfnv fdq pryh % E|� durxqg

exw lw lv vwloo sxoohg wr f +ru/ pruh dffxudwho|/ wr w E|�, � vhh Iljxuh 51

5181 Ordglqjv1 Lq wkh Kxoo0Zklwh prgho

o E|� ' ���n % E|� c

s E|c A � ' ���n e

3@EA3|�
% E|� �

Wkh surfhvv % E|� uhsuhvhqwv d udqgrp vkrfn1 Uhfdoo wkh vwdwlvwlfdo

prgho � lw fdq eh lqwhusuhwhg dv d idfwru1 Wkhq wkh uhvsrqvhv ri ydulrxv

udwhv s E|c A � wr wklv vkrfn duh jlyhq e| wkh ixqfwlrq e

3@EA3|�
1 Wklv

uhvsrqvh fdq eh lqwhusuhwhg/ lq wkh iudphzrun ri wkh vwdwlvwlfdo prgho/

dv d ordglqj1 Qrwh wkdw wkh orqjhu wkh wlph wr h{slu| A � |/ wkh vpdoohu

wkh uhvsrqvh wr wkh vkrfn1

Iru vsrw udwhv wkh vdph txdolwdwlyh ehkdylru krogv=

- E|c A � '

�

A � |

*L}� E|c A � ' ���

K E|c A �

A � |

% E|� c

vr wkh ordglqj iru wkh vsrw udwhv lv jlyhq e| wkh ixqfwlrq

K E|c A �

A � |

+frpsduh wr wkh vwdwlvwlfdo prgho,1 Iru orqjhu A � |/ wkh ixqfwlrq

KE|cA �

A3|

lv vpdoohu/ vr djdlq/ zh vhh wkdw orqjhu0whqru udwhv kdyh orzhu uhvsrqvh1
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Orzhu uhvsrqvh wudqvodwhv lqwr orzhu yrodwlolw|=

�L*- E|c A � 2

K E|c A �

A � |

�

Vdph krogv iru iruzdug udwhv

8 E|c�c A � '

�

A ��

E*L}� E|c A �� *L} � E|c���

' ���n

�

A ��

EK E|c A �� K E|c���% E|�

' ���n

�

A ��

�
e

3@E�3|�
� e

3@EA3|�

@

�
% E|�

' ���n

K E�cA �

A ��

e

3@E�3|�
% E|� �

Wkh orqjhu wkh whqru A �� / wkh orzhu wkh yrodwlolw| +hyhu|wklqj hovh

ehlqj htxdo,1

Wkh uhvxowv duh suhvhqwhg iru lqvwdqwdqhrxv yrodwlolw| exw vlplodu uh0

vxowv krog iru whup yrodwlolwlhv1

5191 Rq wkh lpsruwdqfh ri phdq uhyhuvlrq1 Wklv wrslf lv glvfxvvhg

dw ohqjwk lq Uherqdwr +^UE5`,1 Prghov wkdw h{klelw phdq uhyhuvlrq

duh jhqhudoo| suhihuuhg wr wkrvh wkdw gr qrw1 Wkhuh duh ydulrxv uhdvrqv

iru wkdw1 Vrph shrsoh eholhyh wkdw lw lv lpsruwdqw wr uhfdswxuh wklv

surshuw| lq wkh prgho ehfdxvh wkh udwhv lq wkh uhdo zruog gr lqghhg

h{klelw phdq uhyhuvlrq +vhh Iljxuh 5,1 Krzhyhu/ wklv lv qrw d yhu| jrrg

dujxphqw/ ehfdxvh phdq uhyhuvlrq lq vxfk lqwhusuhwdwlrq lv d frqglwlrq

rq d guliw1 Krzhyhu/ dv zh nqrz/ wkh guliw jhwv doo fkdqjhg zkhq zh

vzlwfk wr wkh ulvn0qhxwudo zruog/ vr uhdo0zruog guliw lv odujho| luuhohydqw

wr wkh sulfhv ri wudghg lqvwuxphqwv1

Krzhyhu/ dv srlqwhg e| Uherqdwr/ wkh guliw ri wkh vkruw udwh +qrq0

wudghg dvvhw, d�hfwv wkh yrodwlolw| ri wkh wudghg dvvhwv/ l1h1 erqgv1 Lw

lv fohdu iurp wkh irupxod zh ghulyhg=

�L*- E|c A � 2

�
� � e

3@EA3|�

@ EA � |�

�
+515,

Wkhuhiruh/ kdylqj phdq uhyhuvlrq doorzv xv wr frqwuro krz yrodwlolwlhv

ri gl�huhqw erqgv uhodwh wr hdfk rwkhu1

Rqh ri wkh vkruwfrplqjv ri Kr0Ohh prgho lv wkdw/ jlyhq wkh vdph

vkruw0udwh yrodwlolw|/ wkh yrodwlolwlhv ri vsrw udwhv duh doo wkh vdph +mxvw

soxj lq @ ' f lq wkh irupxod +515,,1 Krzhyhu/ orqjhu whqru udwhv qru0

pdoo| kdyh lpsolhg yrodwlolwlhv wkdw duh orzhu wkdq vkruwhu0whqru udwhv/

vhh Iljxuh 61 H{dplqlqj +515, dqg Iljxuh 7 zh vhh wkdw wklv fdq eh

dfklhyhg e| fudqnlqj wkh phdq uhyhuvlrq xs1 Wkxv zh qhhgpruhphdq
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uhyhuvlrq wr pdnh wkh yrodwlolwlhv ri wkh udwhv zlwk orqjhu whqruv orzhu

wkdq wkrvh ri vkruwhu whqruv1

Dv d pdwwhu ri idfw �phdq uhyhuvlrq� lv vrphwlphv xqghuvwrrg lq

h{dfwo| wklv/ pruh eurdg/ vhqvh1 Wkh prgho grhv qrw qhhg wr kdyh

dq htxdwlrq wkdw orrnv olnh +514, wr eh �phdq uhyhuwlqj�1 Exw lw grhv

qhhg wr kdyh grzqzdug vorslqj ordglqjv1 �Phdq uhyhuvlrq� wkdq fdq

eh xqghuvwrrg dv wkh vshhg ri ghfd| lq wkh ordglqj+v,1

61 Fdoleudwlrq

Wkh xvdjh ri dq| prgho/ dqg wkh Kxoo0Zklwh prgho lv qr h{fhswlrq/

iroorzv wkh vdph iudphzrun1 Zh fdoleudwh wkh prgho wr wkh sulfhv ri

dfwlyho|0wudghg lqvwuxphqwv +lpso| wkh sdudphwhuv ri wkh prgho iurp

wkh sulfhv ri pdunhw lqvwuxphqwv, dqg frpsxwh sulfhv ri wkh lqvwux0

phqwv wkdw duh qrw dfwlyho| wudghg1 E| idu/ wkh rqo| oltxlg lqvwuxphqwv

zh fdq xvh lq fdoleudwlrq duh fdsv dqg Hxurshdq vzdswlrqv1 Wkh| duh

xvxdoo| zhoo uhsuhvhqwhg dv d julg +dssursuldwho| nqrzq dv d vzdswlrq

julg, zlwk vzdswlrq*v h{slu| uxqqlqj grzq dqg wkh vzds whqru uxqqlqj

dfurvv1 Wkh julg xvxdoo| frqwdlqv 433. vzdswlrqv dqg fdsv1

Lq wkh glvfxvvlrq wkdw iroorz lw lv xvhixo wr nhhs lq plqg wkh ohfwxuh rq

exloglqj vprrwk whup fxuyhv1 Wkh jrdo ri fdoleudwlrq lv wkh vdph dv wkh

jrdo ri exloglqj d whup fxuyh � zh zrxog olnh wr �qg lqwhuqdo sdudphwhuv

ri wkh prgho +iruzdug udwhv lq wkh fdvh ri wkh fxuyh exloglqj, wkdw pdwfk

h{whuqdoo| jlyhq pdunhw sulfhv1

Lw lv d jrdo ri d fdoleudwlrq ri dq lqwhuhvw0udwh prgho wr pdwfk dv

pdq| vzdswlrqv lq wkh julg dv srvvleoh1 Wkh Kr0Ohh prgho kdv rqo|

rqh sdudphwhu/ j/ dqg wkhuhiruh fdq rqo| pdwfk d vlqjoh vzdswlrq1

Kxoo0Zklwh dggv dqrwkhu sdudphwhu/ @/ vr wkhruhwlfdoo| zh fdq pdwfk

wzr vzdswlrqv +Krzhyhu/ d pruh xvhixo zd| wr �vshqg� wkh sdudphwhu

@ lv wr jhw d jhqhudo vkdsh ri d ordglqj uljkw1,

Pdq| lqvwuxphqwv/ zlwk d qrwdeoh suhvhqfh ri Ehupxgd vzdswlrqv/

uhtxluh vlpxowdqhrxv fdoleudwlrq wr pdq| Hxurshdq vzdswlrqv1 Wkh

vwudljkw Kxoo0Zklwh prgho grhv qrw doorz xv wkdw  h{lelolw|1 Krz0

hyhu/ wkh Kxoo0Zklwh fdq eh h{whqghg hyhq ixuwkhu wr lqwurgxfh wlph0

ghshqghqw yrodwlolw| j E|� dqg hyhq wlph0ghshqghqw uhyhuvlrq @ E|�1

Irupdoo|/ wkh h{whqghg Kxoo0Zklwh prgho lv fkdudfwhul}hg e| wkh

yrodwlolw| vwuxfwxuhv ri iruzdug udwhv ri wkh irup

j E|c A � ' j E|� e
3

U
A

|
@E�� _�

�

Prvw ri wkh irupxodv zh kdyh ghulyhg fdq eh jhqhudol}hg lq wkh h{0

whqghg Kxoo0Zklwh prgho1 Zkloh zh orvh qlfh forvhg0irup vroxwlrqv/

dqg +pruh lpsruwdqwo|, wlph0krprjhqhlw|/ zh nhhs lpsruwdqw ihdwxuhv

ri wkh prgho � lw lv vwloo d rqh0glphqvlrqdo Jdxvvldq Pdunry prgho1
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Lq wklv prgho zh wuhdw j E|� dqg @ E|� dv xqnqrzq sdudphwhuv wr eh

irxqg gxulqj fdoleudwlrq1 Dv suhylrxvo| glvfxvvhg/ dgglqj pruh sdud0

phwhuv wr dq| prgho doorzv iru pruh  h{lelolw| vr wkdw zh fdq �w pruh

lqvwuxphqwv/ exw pd| uhvxow lq dq ryhu�wwhg prgho li zh duh qrw fduh0

ixo1 Wkh v|pswrpv ri dq ryhu�wwhg prgho duh sdudphwhuv wkdw ghi|

lqwxlwlrq/ duh wlph0lqkrprjhqhrxv dqg xqvwdeoh lq gd|0wr0gd| uhfdol0

eudwlrqv1 Lw lv yhu| hdv| wr ryhu�w wkh h{whqghg Kxoo0Zklwh

prgho1

Zkloh zh fdq vwdelol}h wkh fdoleudwlrq ri wkh h{whqghg Kxoo0Zklwh

prgho xvlqj qxphulfdo wulfnv +lqfoxglqj vprrwklqj remhfwlyhv dqg wkh

olnh,/ zh vkrxog uhdol}h wkdw wkh jrdo ri �wwlqj wkh zkroh vzdswlrq julg

+ru d vljql�fdqw sruwlrq ri lw, lv wrr dpelwlrxv iru dq| rqh0idfwru prgho/

Kxoo0Zklwh lqfoxghg1 Rqh0idfwruv0qhvv lv mxvw wrr0vwurqj d kdqglfds wr

ryhufrph1 Zh vkdoo h{dplqh wklv wrslf lq ghwdlo odwhu lq wkh fodvv1

Uhihuhqfhv

^O4` Yodglplu Slwhueduj1 Khdwk0Mduurz0Pruwrq iudphzrun1 Ohfwxuh qrwhv/ 53331

^VF` Ohfwxuh qrwhv rq vwrfkdvwlf fdofxoxv/ 4<<<1

^UE5` Ulffdugr Uherqdwr1 Yrodwlolw| dqg Fruuhodwlrq1 Zloh| 4<<<1
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71 Dsshqgl{

Iljxuh 4

t

x(t) Deterministic mean reversion
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Iljxuh 5

Sample Paths with Different Mean Reversions

Rev = 0 Rev = 0.1 Rev = 0.5
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Iljxuh 6

Volatilities of swaptions with 2 years to expiry
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Iljxuh 7

Graph of (1-exp(-aT))/(aT)
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