
IRUZDUG PHDVXUHV DQG FKDQJHV RI

QXPHUDLUH

YODGLPLU SLWHUEDUJ

41 Lqwurgxfwlrq

Lq wkh vhfrqg ohfwxuh ri wkh vhulhv +vhh ^O4`, zh jr ghhshu lqwr wkh

uhdop ri lqwhuhvw0udwh prghov1 Rxu jrdo lv vlpsoh= ghulyh xvhixo ydoxd0

wlrq irupxodv iru ghulydwlyh vhfxulwlhv1

51 Vhwxs

Uhfdoo wkh qrwdwlrqv ri wkh suhylrxv ohfwxuh1 Zh dvvxph wkdw d sure0

delolw| vsdfh ElcI� lv jlyhq/ htxlsshg zlwk d ulvn0qhxwudo phdvxuh "1

Wkh uhdo0zruog phdvxuh zloo qhyhu eh phqwlrqhg lq wklv ohfwxuh1

Zh dovr �{ d Eurzqldq prwlrq `

|
+qrwh wkdw zh uhpryh �wlogh�

iurp wkh qrwdwlrq ri suhylrxv ohfwxuh iru fodulw|,/ dqg dvvxph wkdw wkh

�owudwlrq iI|c f � | 	4j lv Eurzqldq1 Zh suhvhqw doo wkh uhvxowv lq

rqh0idfwru iudphzrun/ zklfk lv rqo| grqh iru euhylw|1 Zh ghqrwh erqgv

e| � E|c A � dqg dvvxph wkhp wr iroorz wkh htxdwlrqv

_� E|c A � ' o E|�� E|c A � _|n � E|c A � P E|c A � _`|

zlwk wkh dssursuldwh whfkqlfdo frqglwlrqv lpsrvhg rq erqg yrodwlolw|

surfhvvhv PE|c A �1 Zh ghqrwh e| �

|
d prqh|0pdunhw dffrxqw> lw iroorzv

wkh odz

_�

|
' o E|��

|
_|�

D vhfxulw| wkdw sd|v f dw wlph A kdv ydoxh dw wlph | wkdw lv htxdo wr

Z

|
Ef� ' �

|
,

�
�

3�

7
f

��
I
|

�
�+514,

D qxpehu ri gl�huhqw phdvxuhv zloo eh lqwurgxfhg lq wkh ohfwxuh1

Hdfk rqh zloo eh ghqrwhg e| ohwwhu " zlwk vrph vruw ri ghfrudwlrq

+iru h{dpsoh

	

",1 Wkh h{shfwhg ydoxh rshudwru wkdw fruuhvsrqgv wr d

phdvxuh olnh wkdw zloo eh ghqrwhg e| ohwwhu , zlwk wkh vdph ghfrudwlrq

+iru h{dpsoh iru

	

" lw zrxog eh

	

,,1

Gdwh= Mdqxdu| 44/ 53341

Wkhvh duh ohfwxuh qrwhv iru Il{hg Lqfrph LL fodvv iru Ilqdqfldo Pdwkhpdwlfv

surjudp lq wkh Xqlyhuvlw| ri Fklfdjr1

4
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61 Prwlydwlrqdo h{dpsoh

Suredeo| wkh vlpsohvw srvvleoh ghulydwlyh vhfxulw| zh fdq wklqn ri lv

dq rswlrq rq d glvfrxqw erqg +uhphpehu wkdw d fdsohw lv dfwxdoo| dq

rswlrq rq d glvfrxqw erqg/ vr wklv lv d uhdo0zruog h{dpsoh,1 Vxssrvh

zh kdyh d fdoo rswlrq wkdw h{slulhv dw wlph A rq d erqg � E�c� �/ zkhuh

f 	 A 	 � 1 Vxssrvh wkh vwulnh lv g1 Wkh sd|r� ri wkh rswlrq lv

� ' E� EAc���g�
n

c

sdlg dw wlph A� Fohduo| � lv IA 0phdvxudeoh +ehfdxvh � ghshqgv rqo|

rq wkh ydoxh ri wkh erqg dw wlph A ,1 Wkhq e| +514,/

Z

f
E�� ' ,

�
�

3�

A
�

�
+614,

' ,

�
�

3�

A
E� EAc� ��g�

n

�
�

Li zh dfwxdoo| qhhghg wr frpsxwh wklv ydoxh/ zh zrxog kdyh wr nqrz

wkh mrlqw glvwulexwlrq +dw wlph | ' f, ri wzr udqgrp yduldeohv/ �

3�

A
dqg

� EAc��1 Zh zrxog wkhq kdyh wr gr wzr0glphqvlrqdo lqwhjudwlrq ri

wkh sd|r� zlwk uhvshfw wr wkhlu mrlqw ghqvlw| ixqfwlrq1 Vhhpv olnh d orw

ri wurxeoh iru d vlpsoh rswlrq rq d glvfrxqw erqg1 Fdq zh vlpsoli| wklv

irupxod vrphkrzB Uhfdoo wkdw lq Eodfn*v prgho zh zrxog mxvw kdyh

wkh h{suhvvlrq +iru h{dpsoh/ dvvxplqj orj0qrupdo glvwulexwlrq iru wkh

erqg,

�*@U!
f
E�� ' � Efc A � 	, E� EAc� ��g�

n

+615,

+zh zhuh fduhixo wr xvh d gl�huhqw ohwwhu

	

, wr ghqrwh gl�huhqw dvvxps0

wlrqv ri Eodfn*v prgho,1 Wkh gl�huhqfh ehwzhhq prghov +614, dqg +615,

lv wkdw lq wkh odwwhu/ zh rqo| kdyh wr vshfli| d rqh0glphqvlrqdo glvwul0

exwlrq +ri � EAc��, dqg shuirup d rqh0glphqvlrqdo lqwhjudwlrq zlwk

uhvshfw wr erqg*v ghqvlw|1 Ixuwkhu frpsdulvrq ri wkh wzr irupxodv uh0

yhdov wkdw lq Eodfn*v irupxod zh duh deoh wr �sxoo� �

3�

A
iurp xqghu wkh

h{shfwdwlrq vljq dqg uhsodfh lw zlwk d +qrq0udqgrp, txdqwlw| � Efc A �1

Fdq wklv dfwlrq eh vrphkrz mxvwl�hgB

71 Phdvxuh fkdqjh

7141 4G h{dpsoh1 Zh kdyh shuiruphg d fkdqjh ri phdvxuh zkhq zh

vzlwfkhg iurp uhdo0zruog phdvxuh� +rrsv$ L vdlg hduolhu wkdw uhdo zruog

phdvxuh zloo qhyhu eh phqwlrqhg lq wklv ohfwxuh11 Exw wklv lv wkh rqo|

wlph/ L surplvh, wr d ulvn0qhxwudo rqh " lq wkh suhylrxv ohfwxuh1 Wkh

xwlolw| ri wkdw olwwoh wulfn kdv qrw ehhq frpsohwho| h{kdxvwhg/ krzhyhu1

Ohw xv orrn dw d vlpsoh phdvxuh fkdqjh h{dpsoh1

Ohw f eh d udqgrp yduldeoh zlwk ghqvlw| s E%�1 Ohw � E%� eh d uhdo0

ydoxhg ixqfwlrq1 Zkdw lv wkh h{shfwhg ydoxh ri wkh udqgrp yduldeoh
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� Ef�B Zhoo/ wklv lv hdv|/

,

s
� Ef� '

]
"

3"

� E%� s E%� _%�

Ohw } E%� eh dqrwkhu ixqfwlrq vxfk wkdw lw lv dozd|v srvlwlyh dqg lqwh0

judwhv wr ��f/ vr wkdw

} E%� : f iru doo %c]
"

3"

} E%� _% ' ��

Wkhq zh fdq gr wkh iroorzlqj vwxslg olwwoh wudqvirupdwlrq/

,

s
� Ef� '

]
"

3"

� E%� s E%� _%+714,

'

]
"

3"

� E%� s E%� E} E%� *} E%�� _%

'

]
"

3"

� E%�
s E%�

} E%�
} E%� _%�

Gh�qh

� E%� ' � E%�
s E%�

} E%�
�

Wkhq zh vhh wkdw

,s� Ef� '

]
"

3"

� E%� } E%� _%

zklfk orrnv olnh wkh h{shfwhg ydoxh ri � Ef� xqghu wkh phdvxuh lq

zklfk udqgrp yduldeoh f kdv ghqvlw| } E��/

,

s
� Ef� ' ,

}
� Ef�+715,

' ,}

�
� Ef�

s Ef�

} Ef�

�
�

Wkh whup

sE%�

}E%�
uhsuhvhqwv d ghqvlw| ri phdvxuh ,

s
zlwk uhvshfw wr phd0

vxuh ,

}
/ riwhq fdoohg d Udgrq0Qlnrglp ghulydwlyh1

Lw lv frpsohwho| qrw fohdu wkdw vlpsoh uhduudqjlqj ri whupv dv lq +714,/

+715, kdv dq| ydoxh zkdwvrhyhu1 Lw suredeo| grhv qrw lq wkh h{dpsoh

deryh1 Exw wkh h{dpsoh ghprqvwudwhv d yhu| ghhs srlqw1 Li zh uhdg

htxdwlrq +715, iurp �uljkw� wr �ohiw�/ wkhq zh vhh wkdw zh fdq vlpsoli|

wkh h{suhvvlrq xqghu wkh h{shfwdwlrq vljq e| dq dssursuldwh phdvxuh

fkdqjh1
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7151 Vwdwlf wkhru|1 Jlyhq phdvxuh " rq wkh suredelolw| vsdfh ElcI�

dqg d udqgrp yduldeoh ~ vxfk wkdw

~ : f "0d1v1/

,~ ' �c

zh fdq gh�qh dqrwkhu phdvxuh

�

" rq wkh vdph suredelolw| vsdfh e|

�

" E�� ] ,

�
~ � �

t��

�
+716,

'

]
�

~ E/� " E_/�

+khuh � 5 I dqg �
t��

lv dq lqglfdwru ri dq hyhqw �,1 Iluvw txhvwlrq lv

ri frxuvh zkhwkhu

�

" lv d suredelolw| phdvxuh dw doo1

KZ Sureohp 4= Suryh wkdw lw lv$ Dw ohdvw fkhfn wkh iroorzlqj

frqglwlrqv +khuh > lv wkh qxoo hyhqw,

�

�

" E>� ' fc �" El� ' �(

� Iru dq| � 5 I /

�

" E�� � f(

� Li i� dqg �j ' > wkhq

�

" E� ru �� ' �

" E�� n �

" E�� c iru

hyhqwv �/ � 5 I1

Udqgrp yduldeoh ~ sod|v wkh uroh ri d ghqvlw| +Udgrq0Qlnrglp gh0

ulydwlyh, ri phdvxuh

�

" zlwk uhvshfw wr phdvxuh "� Wklv idfw lv xvxdoo|

irupdoo| ghvfulehg dv

_

�

"

_"

' ~�+717,

Wkh uhodwlrq +716, fdq dovr eh zulwwhq iru h{shfwhg ydoxhv dv

�

,1 ' , E1~�+718,

'

]
l

1 E/�
_

�

"

_"

E/� " E_/� c

khuh 1 lv d udqgrp yduldeoh1

7161 G|qdplf wkhru|1 Frqglwlrqdo h{shfwdwlrqv sod| d yhu| lpsru0

wdqw uroh lq vwrfkdvwlf fdofxoxv lq jhqhudo dqg �qdqfldo pdwk lq sdu0

wlfxodu1 Zh zrxog olnh wkh fkdqjh ri phdvxuh wr �uhvshfw� frqglwlrqdo

h{shfwdwlrqv1 Zh zrxog olnh wr pdnh vxuh wkdw vrphwklqj dnlq wr +718,

krogv qrw rqo| iru xqfrqglwlrqdo exw iru frqglwlrqdo h{shfwhg ydoxhv dv

zhoo1

Iru jhqhudo ~/ phdvxuh fkdqjh dv gh�qhg lq wkh suhylrxv vhfwlrq

fdqqrw eh h{whqghg rq frqglwlrqdo h{shfwdwlrqv1 Wr uhphg| wkdw zh

pxvw ixuwkhu uhvwulfw wkh fodvv ri phdvxuh0fkdqjh ghqvlwlhv doorzhg1
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Ohw i~|j

"

|'f
eh d srvlwlyh pduwlqjdoh zlwk lqlwldo ydoxh �/ vr wkdw

~| : f "0d1v1/

, E~
|
m I

r
� ' ~

r
c | � rc

~

f
' ��

Wkhq iru dq| A / A : f/

,~A ' ��

Zh wkhuhiruh fdq gh�qh d phdvxuh

�

"A rq vljpd0dojheud IA e| wkh

vwdqgdug irupxod

�

"A E�� ] ,
�
~A � �

t��

�
c � 5 IA �+719,

Wklv lv frqyhqlhqwo| zulwwhq dv +frpsduh wr +717,,

_

�

"

_"

�����
5A

' ~

A
�+71:,

KZ Sureohp 5= Uhfdoo wkdw I
|
� I

A
iru | � A 1 Li � 5 I

|
wkhq

� 5 IA dv zhoo/ dqg zh kdyh wzr suredelolwlhv gh�qhg iru � e|

xvlqj +719,/

�

"| E�� ' ,

�
~| � �

t��

�
dqg

�

"A E�� ' ,

�
~A � �

t��

�
Zh pxvw/ ri frxuvh/ kdyh wkdw +frqvlvwhqf| frqglwlrq,

�

"| E�� '
�

"A E�� iru � 5 I|c f � | � A�

Suryh lw1

Kdylqj gh�qhg phdvxuh

�

" e| +719,/ zh qhhg wr rewdlq wkh fkdqjh0ri0

phdvxuh +Ed|hv, irupxod iru frqglwlrqdo h{shfwdwlrqv/ zklfk qrz kdv

wkh iroorzlqj irup=

Wkhruhp 714 +Ed|hv* Uxoh,1 Li f � | � A dqg 1 lv dq I
A
0phdvxudeoh

udqgrp yduldeoh vdwlvi|lqj
�

,A m1m 	4c wkhq

�

, E1m I|� '
�

~

|

, E~A 1m I|� �+71;,

KZ Sureohp 6= Suryh wkh wkhruhp1 Klqw= Uhfdoo wkh gh�qlwlrq

ri d frqglwlrqdo h{shfwhg ydoxh

�

, E1m I
|
� dqg vkrz wkdw wkh h{0

suhvvlrq rq wkh uljkw0kdqg vlgh ri +71;, vdwlv�hv lw1
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81 Iruzdug phdvxuh

8141 Ilvklqj h{shglwlrq1 Kdylqj irud|hg wklv idu lqwr khdy| wkhru|/

zkdw xvh fdq zh pdnh ri lwB Uhfdoo rxu edvlf ydoxdwlrq htxdwlrq

Z

|
Ef� ' �

|
,

�
�

3�

A
f

��
I
|

�
+814,

iru IA 0phdvxudeoh sd|r�v f dqg rxu ghvluh wr �wdnh rxw� �

3�

A
iurp

xqghu wkh h{shfwhg ydoxh rshudwru1

Frpsdulqj wkh uljkw0kdqg0vlghv ri +814, dqg +71;, zh vhh xqghqldeoh

vlplodulwlhv1 Zh fdq lghqwli| f zlwk 1 +erwk duh IA 0phdvxudeoh,1 Zh

zrxog olnh wr lghqwli| �

3�

A
zlwk ~A exw khuh lv d vqdj=

�
�

3�

|

�
lv QRW

d pduwlqjdoh xqghu "1 Phdvxuh fkdqjhv rqo| zrun zlwk pduwlqjdohv1

Wkhuh lv d qhdw wulfn wkdw doorzv xv wr zrun durxqg wkdw1 Uhfdoo iurp

^O4` wkdw wkh glvfrxqwhg erqg ydoxh

~ E|c A � '
� E|c A �

�

|

lv d "0pduwlqjdoh1 Wkhq

�

|
'

� E|c A �

~ E|c A �
c

�A '
� EAcA �

~ EAc A �

'
�

~ EAc A �
c

�

3�

A
' ~ EAc A � �

Zh fdq uhzulwh +814, dv

Z| Ef� '
� E|c A �

~ E|c A �
, E~ EAc A � �fm I|� �

Qrwh wkdw wkh whup

, E~ EAc A � �fm I
|
�

~ E|c A �

lv h{dfwo| wkh vdph dv wkh uljkw0kdqg vlgh ri +71;, li zh lghqwli| ~ E|c A � �

~

|
c f � 1� Qrwh wkdw ~ E|c A � : f dv uhtxluhg e| wkh phdvxuh fkdqjh

wkhru|1

Wkhuh lv yhu| plqru sureohp vwloo/ vlqfh lq jhqhudo ~ Efc A � lv qrw

htxdo wr �� Zh fdq �{ wkdw p| vlpsoh vfdolqj1
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8151 Gh�qlwlrq dqg �uvw uhdfwlrq1 Suhylrxv vhfwlrq jdyh xv d prwl0

ydwlrq iru grlqj wkh phdvxuh fkdqjh1 Khuh zh jlyh d irupdo gh�qlwlrq1

Phdvxuh "

A
+zlwk h{shfwhg ydoxh rshudwru ,

A
, lv fdoohg A 0iruzdug

phdvxuh li lw lv gh�qhg e|

_"

A

_"

����
5|

'
~ E|c A �

~ Efc A �
c

zkhuh ~ E|c A � lv wkh glvfrxqwhg erqg ydoxh surfhvv dqg " lv d ulvn0

qhxwudo phdvxuh1

Wkh gh�qlwlrq lv ydolg vlqfh wkh surfhvv�
~ E|c A �

~ Efc A �

�
A

|'f

lv d srvlwlyh qrupdol}hg pduwlqjdoh1

Wkhruhp 814 +Iruzdug Phdvxuh Sulflqj Irupxod,1 Li f lv d sd|r�

wkdw lv IA 0phdvxudeoh/ wkhq

Z

|
Ef� ' � E|c A �,

A

Efm I
|
� c

zkhuh"
A
lv A 0iruzdug phdvxuh dv gh�qhg deryh/ dqg ,

A
lv wkh h{shfwhg

ydoxh rshudwru zlwk uhvshfw wr wkdw phdvxuh1

KZ Sureohp 7= Suryh wkh wkhruhp1 Klqw= Dsso| Ed|hv* Uxoh1

Wkh wkhruhp vkrzv wkdw zh fdq dfklhyh rxu pdlq jrdo ri �ghfrx0

solqj� wkh prqh| pdunhw �

A
dqg sd|r� f lq +514,/ dw wkh h{shqvh

ri xvlqj d phdvxuh gl�huhqw iurp ulvn0qhxwudo1 Wklv lv xvxdoo| d vpdoo

sulfh wr sd|1

Lw lv fohdu iurp wkh gh�qlwlrq wkdw phdvxuh "

A

ghshqgv rq d sduwlfx0

odu wlph A 1 Vr lq h�hfw zh kdyh d zkroh froohfwlrq ri iruzdug phdvxuhv�
"

A

�
"

A'f

lqgh{hg e| wlph A 1 Vxffhvvixo dssolfdwlrq ri iruzdug phdvxuh

fulwlfdoo| ghshqgv rq wkh lghqwl�fdwlrq ri wkh uljkw wlph A� Xvxdoo| A

lv wdnhq wr eh wkh h{slu| wlph ri dq rswlrq/ vr wkdw wkh sd|r� lv phd0

vxudeoh zlwk uhvshfw wr I
A
1

8161 H{dpsoh uhylvlwhg1 Zlwk wkh khos ri iruzdug phdvxuh/ zh fdq

uhzulwh +614, dv

Z

f
E�� ' ,

�
�

3�

A
E� EAc���g�

n

�
+815,

' � Efc A �,
A

�
E� EAc� ��g�

n

�
zklfk lv h{dfwo| Eodfn*v irupxod +615,1 Eodfn*v prgho lv qrw wkdw vwxslg

diwhu doo$

Zh zloo vkrz odwhu lq wklv frxuvh wkdw Eodfn*v irupxod/ dv dssolhg wr

fdsv/ vzdswlrqv dqg rwkhu lqvwuxphqwv/ fdq lq idfw eh uljrurxvo| mxvwl0

�hg lq KMP iudphzrun e| wkh dssursuldwh fkdqjh ri phdvxuh1 Wkhvh
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uhvxowv surylgh d wkhruhwlfdo irxqgdwlrq iru qrz0idvklrqdeoh �pdunhw

prghov� +ri zklfk EJP lv rqh h{dpsoh,1

91 Surshuwlhv ri iruzdug phdvxuh

Ohppd 9141 Ohw 8 E|c Ac� � eh wkh iruzdug sulfh ri �0pdwxulw| erqg

zlwk vhwwohphqw dw wlph A / vr wkdw

8 E|c Ac� � '
� E|c� �

� E|c A �
�

Wkhq

8 E|c Ac�� ' ,

A

E� EAc��m I|� �

Surri1 +Pluuruv forvho| wkh vroxwlrq ri wkh �uvw sureohp lq wkh odvw

krphzrun,1 E| gh�qlwlrq ri d iruzdug sulfh/ 8 E|c Ac� � lv dq I|0

phdvxudeoh udqgrp yduldeoh vxfk wkdw wkh ydoxh ri d frqwlqjhqw fodlp

zlwk sd|r� +dw wlph A ,

f ' � EAc� �� 8 E|c Ac��

dw wlph | lv fc

f ' Z

|
E� EAc��� 8 E|c Ac��� �

E| Iruzdug Phdvxuh Sulflqj Irupxod

Z| E� EAc��� 8 E|c Ac��� ' � E|c A �,
A

Efm I|� c

vr wkdw

f ' � E|c A �,
A

E� EAc��� 8 E|c Ac��m I
|
� �

Wkh udqgrp yduldeoh 8 E|c Ac�� lv I|0phdvxudeoh vr

,

A

E8 E|c Ac� �m I
|
� ' 8 E|c Ac�� �

Wkhuhiruh/

f ' ,

A

E� EAc��m I|�� 8 E|c Ac� � c

dqg

8 E|c Ac�� ' ,

A

E� EAc��m I
|
� �

Ohppd 9151 Wkh surfhvv

i8 E|c Ac� � c | 5 dfc A oj

lv d pduwlqjdoh xqghu A 0iruzdug phdvxuh "
A
�

Surri1 Lpphgldwho| iroorzv iurp wkh suhylrxv ohppd dqg wkh wrzhu uxoh

iru frqglwlrqdo h{shfwhg ydoxhv1
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Ohppd 9161 Ohw �| eh wkh sulfh dw wlph | ri d wudghg dvvhw/ vr wkdw�
�

3�

|
�

|
c | � f

�
lv d pduwlqjdoh xqghu ulvn0qhxwudo phdvxuh "1 Ohw 8

�
E|c A � eh lwv iru0

zdug sulfh dw | iru vhwwohphqw dw A 1 Zh nqrz iurp krphzrun wkdw

8

�
E|c A � '

�|

� E|c A �

�

Wkhq

� wkh iruzdug sulfh fdq dovr eh frpsxwhg dv

8� E|c A � ' ,

A

E�A m I|� (

� wkh surfhvv ri iruzdug sulfh ri �c

i8� E|c A � c | � fj

lv d pduwlqjdoh xqghu A 0iruzdug phdvxuh "
A
�

KZ Sureohp 8= Suryh wkh ohppd1

Wkhvh uhvxowv h{sodlq zk| "

A
lv fdoohg �A 0iruzdug phdvxuh�1 Lw

lv lghqwl�hg e| wkh idfw wkdw iruzdug sulfhv +vhwwohg dw wlph A , ri doo

wudghg lqvwuxphqwv duh pduwlqjdohv zlwk uhvshfw wr lw1 Lq idfw/ wklv

surshuw| lghqwl�hv wkh phdvxuh xqltxho|1

:1 Iruzdug phdvxuh lq Jdxvvldq KMP

:141 Jdxvvldq KMP1 D Jdxvvldq KMP prgho lv dq KMP prgho +vhh

^O4`, zkhuh iruzdug udwh yrodwlolwlhv j E|c A � duh ghwhuplqlvwlf ixqfwlrqv1

Iru h{dpsoh/ Kr0Ohh/ Kxoo0Zklwh dqg \xul*v prgho +diwhu vrph prgl0

�fdwlrqv, duh Jdxvvldq KMP*v1 Wklv lv d zlgho| xvhg vxefodvv ri KMP

prghov/ dssuhfldwhg prvwo| iru h{whqvlyh dqdo|wlfdo wudfwdelolw|/ d frq0

vhtxhqfh ri wkh idfw wkdw doo iruzdug udwhv duh glvwulexwhg qrupdoo|/ dqg

doo erqgv duh glvwulexwhg orj0qrupdoo| +fkhfn wkh irupxodv lq ^O4` wr

frqylqfh |rxuvhoi wkdw wklv lv lqghhg wkh fdvh,1

Iruzdug phdvxuhv duh hvshfldoo| hdv| wr fkdudfwhul}h lq Jdxvvldq

KMP prghov1 Zh zloo ghdo zlwk rqh0idfwru Jdxvvldq KMP prghov iru

euhylw|/ exw wkh surfhgxuh lv h{whqgdeoh1 Zh vkdoo vwduw zlwk wkh iro0

orzlqj gh�qlwlrqv +xqghu ulvn0qhxwudo phdvxuh ",/

_s E|c A � ' �P E|c A �j E|c A � _|n j E|c A � _`
|
c

_� E|c A � ' o E|�� E|c A � _|n � E|c A �P E|c A � _`|c

zkhuh j E|c A � c P E|c A � duh ghwhuplqlvwlf ixqfwlrqv ri wkhlu wzr yduldeohv

+dqg ri frxuvh

j Erc A � ' �

Y

YA

P ErcA �
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dv lq wkh �uvw ohfwxuh,1

:151 Iruzdug phdvxuh ghulydwlrq1 Zh kdyh phqwlrqhg lq wkh suh0

ylrxv vhfwlrqv wkdw A 0iruzdug phdvxuh lv xqltxho| gh�qhg e| wkh idfw

wkdw doo A 0iruzdug sulfhv duh pduwlqjdohv xqghu lw1 Frqvlghu d erqg

wkdw h{slulhv dw wlph � 1 Wkhq lwv hyroxwlrq lv jryhuqhg e| wkh htxd0

wlrq

_� E|c�� ' o E|�� E|c� � _|n � E|c� �P E|c�� _`|�

Iurp odvw krphzrun zh nqrz wkdw

_8 E|c Ac�� ' 8 E|c Ac��

�
P
2

E|c A ��P E|c A �P E|c��

�
_|+:14,

n 8 E|c Ac�� dP E|c��� PE|c A �o _`|�

Wklv htxdwlrq krogv xqghu ulvn0qhxwudo phdvxuh "1 Zh zrxog olnh

wr fkdqjh wkh phdvxuh vr wkdw 8 E|c Ac� � ehfrphv d pduwlqjdoh1 E|

Jluvdqry*v wkhruhp/ phdvxuh fkdqjhv lq rxu vhwwlqj duh htxlydohqw wr

dgglqj +ru vxewudfwlqj, d guliw iurp wkh Eurzqldq prwlrq1 Zh zdqw

wr fkdqjh wkh guliw ri ` lq +:14, vr wkdw wkh �gw� sduw ri wkh htxdwlrq

+:14, iru 8 E|c Ac� � glvdsshduv1

Wkh guliw fkdqjh pxvw qrw ri frxuvh ghshqg rq � ehfdxvh wkh vdph

guliw fkdqjh vkrxog zrun iru doo iruzdug surfhvvhv1 Lw fdq/ krzhyhu/

ghshqg rq A 1 Zh fdq uhduudqjh +:14, vr wkdw

_8 E|c Ac�� ' 8 E|c Ac� � dP E|c��� PE|c A �o E�PE|c A � _|n _`|� �

Wklv lpphgldwho| |lhogv wkh uhtxluhg phdvxuh fkdqjh1 Zh kdyh suryhq

wkh iroorzlqj wkhruhp1

Wkhruhp :14 +Iruzdug phdvxuh lq Jdxvvldq KMP,1 Zh kdyh wkdw

� Wkh A 0iruzdug phdvxuh "
A
lv +xqltxho|, lghqwl�hg e| wkh frqgl0

wlrq wkdw

_`

A

|
] �P E|c A � _|n _`

|

lv d +guliwohvv, Eurzqldq prwlrq xqghu "
A
1

� Wkh A 0iruzdug erqg sulfh hyroxwlrq lv jlyhq e|

_8 E|c Ac�� ' 8 E|c Ac�� dP E|c� ��P E|c A �o _`
A

|

xqghu "
A
1 Lq sduwlfxodu/ lw lv d srvlwlyh pduwlqjdoh1
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� Xqghu "
A
wkh iruzdug erqg sulfh 8 E|c Ac� � kdv d orj0qrupdo

glvwulexwlrq/ vr wkdw

*L}
8 E|c Ac��

8 Efc Ac��
lv Jdxvvldq>

,

A

*L}
8 E|c Ac��

8 Efc Ac� �
' �

�

2
V@h *L}

8 E|c Ac� �

8 Efc Ac��
c

V@h *L}
8 E|c Ac��

8 Efc Ac� �
'

]
|

f

EP Erc��� PErc A ��
2

_r�

Hyroxwlrq ri rwkhu txdqwlwlhv ri lqwhuhvw xqghu "

A

fdq hdvlo| eh gh0

gxfhg iurp wkhlu hyroxwlrqv xqghu " e| uhsodflqj _` zlwk _`

A
n

PE�c A � � Khuh lv dq h{dpsoh1

Fruroodu| :151 D erqg zlwk pdwxulw| 7 iroorzv wkh htxdwlrq

_� E|c 7� ' Eo E|� n P E|c A �P E|c 7��� E|c 7� _|n � E|c 7�P E|c 7� _`
A

|
c

dqg dq lqvwdqwdqhrxv iruzdug udwh zlwk pdwxulw| 7 iroorzv wkh htxdwlrq

_s E|c 7� ' EP E|c A �� P E|c 7��j E|c 7� _|n j E|c 7� _`
A

|
c

xqghu A 0iruzdug phdvxuh "
A
/ zkhuh dv ehiruh

j E|c A � ' �

Y

YA

P E|c A � �

:161 Wkh Kxoo0Zklwh prgho1 Wkh Kxoo0Zklwh +dqg lwv sduwlfxodu

fdvh/ Kr0Ohh, prgho lv d Jdxvvldq KMP prgho1 Wkhuhiruh/ wkhvh iru0

pxodv vkrxog dsso| wr lw1 Iru wkh Kxoo0Zklwh prgho

:16141 ]hur0frxsrq erqg rswlrq1 D }hur0frxsrq erqg rswlrq zlwk h{0

slu| A dqg vwulnhg rq d erqg pdwxulqj dw� /� : A / lv dq lqvwuxphqw

zlwk d sd|r� dw A jlyhq e|

E� EAc���g�
n

�

Lwv sulfh dw wlph f lv jlyhq e| +uhfdoo +815,,

Z

f
E�� ' � Efc A �,

A

�
E� EAc� ��g�

n

�
' � Efc A �,

A

�
E8 EAcAc���g�

n

�
�

Wkh surfhvv i8 E|c Ac�� c f � | � Aj lv d pduwlqjdoh1 Pruhryhu +uh0

fdoo wkh ohfwxuh rq wkh Kxoo0Zklwh prgho, 8 EAcAc�� lv orjqrupdo zlwk

wkh yduldqfh

V@h *L}8 EAc Ac�� ' j

2

K

2

E� � A �
�� e

32@A

2@
�
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Qrwh wkdw wkh yrodwlolw| lv wkh vdph luuhvshfwlyh ri zkdw phdvxuh zh

frpsxwh lw xqghu/ hlwkhu wkh ulvn qhxwudo ru iruzdug +fkdqjh ri phdvxuh

rqo| d�hfwv wkh guliw,1 Ghqrwh

j

�
' EV@h *L}8 EAc Ac���

�*2

' jK E� � A �

�
�� e

32@A

2@

�
�*2

�

Wkhq wkh frpelqdwlrq ri wkh pduwlqjdoh surshuw| dqg orjqrupdolw|

doorzv xv wr zulwh

8 EAc Ac�� ' 8 Efc Ac�� i T

�
j

�
f � j

2

�
*2

�
c

zkhuhf lv d vwdqgdug Jdxvvldq udqgrspyduldeoh +phdq }hur/ vwdqgdug

ghyldwlrq �,1 Vr wkh ydoxh ri wkh erqg rswlrq

Z

f
E�� ' � Efc A �

]
"

3"

�
8 Efc Ac� � e

j� 53j
2

�
*2

�g

�
n �

2Z
e

35
2
*2

_5�

Fdq eh frpsxwhg mxvw olnh lq wkh Eodfn*v prgho/

Z

f
E�� ' � Efc A � E8 Efc Ac� �� E���g� E�� j

�
�� c

� '
�

j�

*L}
8 Efc Ac��

g

n
j�

2
�

:16151 Vkruw0udwh vwdwh xqghu iruzdug phdvxuh1

KZ Sureohp 9= Suryh wkdw xqghu wkh A 0iruzdug phdvxuh

% E|� '
j

2

2

�
K

2

Efc |�� e

@EA3|�

K

2

Efc A � n e

@EA3|�

K

2

E|c A �

�
n j

]
|

f

e

3@E|3r�

_`

A

r
�

+Klqw= Xvh wkh irupxod iru % E|� xqghu wkh ulvn0qhxwudo phdvxuh iurp

wkh Kxoo0Zklwh ohfwxuh/ dqg wkhq uhsodfh _` zlwk _`

A
,1

Qrwh wkdw +vxevwlwxwh | ' A ,

% EA � ' j

]
A

f

e

3@EA3r�

_`

A

r
c

% EA � ' % E|� n
j

2

2

�
K

2

Efc A �� e

3@EA3|�

K

2

Efc |�� K

2

E|c A �

�
n j

]
A

|

e

3@EA3r�

_`

A

r
�

;1 Qxphudluhv

;141 D jhqhudo qxphudluh1 Wkh ulvn0qhxwudo phdvxuh lv fkdudfwhu0

l}hg e| wkh idfw wkdw wkh sulfh ri dq| wudghg dvvhw glylghg e| prqh|0

pdunhw dffrxqw lv d pduwlqjdoh xqghu lw1 Olnhzlvh/ wkh A 0iruzdug phd0

vxuh lv fkdudfwhul}hg e| wkh idfw wkdw wkh sulfh ri dq| wudghg dvvhw

glylghg e| erqg � E�c A � lv d pduwlqjdoh xqghu lw1 Wkh �wklqjv� wkdw
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zh glylgh wudghg dvvhwv e| +ru glvfrxqw wkhp zlwk, duh frpprqo| uh0

ihuuhg wr dv �qxphudluhv�1 Wkh fkrlfh ri qxphudluh lv qrw olplwhg wr

wkh prqh|0pdunhw dffrxqw ru glvfrxqw erqgv1 Dq| wudghg dvvhw zlwk

dozd|v0srvlwlyh ydoxh fdq eh xvhg dv d qxphudluh1

Ohw �

|
eh d wudghg dvvhw vxfk wkdw �

|
: f iru doo |/ "0doprvw vxuho|1

Wkhq

�

|

�

|

lv d pduwlqjdoh xqghu " +vhh ^O4`,1 Wkhuhiruh/ zh fdq frqvwuxfw d

phdvxuh +vhh suhylrxv vhfwlrqv,

	

"

�
wkdw fruuhvsrqgv wr qxphudluh �

lq wkh iroorzlqj zd| +dovr uhfdoo Sulqflsoh ri Qxphudluh Lqyduldqfh iurp

Ohfwxuh 5 lq ^VF`,1

Wkhruhp ;14 +Jhqhudo Fkdqjh ri Qxphudluh,1 Wkhuh h{lvwv d phdvxuh

	

"

�
/ devroxwho| frqwlqxrxv zlwk uhvshfw wr "/ vxfk wkdw

� Iru dq| wudghg dvvhw �/ dq| |c A / | � A /

�

|
' �

|

	

,

�

�
�

3�

A
�

A

��
I
|

�
(

� Wkh ydoxh ri �
|
�glvfrxqwhg e|� �

|
c

�|

�|

lv d pduwlqjdoh xqghu
	

"

�
1

Surri1 Wdnh wkh phdvxuh

	

"

�
gh�qhg e| lwv Udgrq0Qlnrglp ghulydwlyh

_

	

"

�

_"

�����
5|

'
�|*�|

�

f
*�

f

�

Wkhq dsso| Ed|hv* Uxoh/ vr wkdw

�

|

	

,

�

�
�

3�

A
�

A

��
I
|

�
' �

|

�|*�|

�

f
*�

f

	

,

�

#
�

3�

A

�
�A *�A

�

f
*�

f

�
3�

�

A

�����I|

$

' �|,

�
�

3�

A
�A

��
I|

�
' �

|
�

Iluvw dvvhuwlrq lv suryhq1 Wkh vhfrqg rqh iroorzv lpphgldwho| ehfdxvh

zh kdyh mxvw suryhq wkdw

�

|

�

|

' 	

,

�

�
�

A

�

A

����I|

�

iru doo |/ A / | � A +zklfk lv h{dfwo| wkh pduwlqjdoh frqglwlrq,1
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Lqwhuhvw0udwh prghov kdyh wudglwlrqdoo| ehhq frqvwuxfwhg lq wkh ulvn0

qhxwudo phdvxuh1 Exw wkh odvw wkhruhp vkrzv wkdw wkhuh lv qrwklqj

xqltxh derxw wkh prqh|0pdunhw dffrxqw �|/ dqg zh fdq xvh doprvw

dq| wudghg lqvwuxphqw wr �glvfrxqw� rwkhu lqvwuxphqwv1 Dq duelwudjh0

iuhh prgho fdq eh frqvwuxfwhg xvlqj dq| qxphudluh1 Li d prgho lv

duelwudjh0iuhh lq rqh phdvxuh/ lw lv duelwudjh0iuhh lq doo phdvxuhv1

;151 H{dpsoh ri d xvhixo qxphudluh1 Vxssrvh zh kdyh d whqru

vwuxfwxuh

f ' |

f
	 |

�
	 � � � 	 |

g
c

� � ' |� � |�3�c

dqg d +iruzdug0vwduwlqj, sd|huv vzds zlwk qrwlrqdo � dqg �{hg udwh

�1 Vxssrvh zh kdyh dq rswlrq rq wkdw vzds +sd|huv vzdswlrq, wkdw

h{slulhv dw wlph |
�
1 Lq dq KMP prgho/ wkh ydoxh ri wkh vzdswlrq lv

jlyhq e|

T| ' �|,

3
C
�

3�

|�

#
E� � � E|

�
c |g��� �

g[
�'2

� E|
�
c |�� � �

$
n

������I|

4
D
�+;14,

Ohw xv xvh wkh +qrupdol}hg, ydoxh ri wkh �{hg ohj dv d qxphudluh/

�| '

g[
�'2

� E|c |�� � ��

Wklv lv gh�qlwho| d wudghg dvvhw iru f � | � |

�
vlqfh lw lv mxvw d olqhdu

frpelqdwlrq ri erqgv1 Xvlqj Jhqhudo Fkdqjh ri Qxphudluh Wkhruhp/

zh kdyh iurp +;14, wkdw

T

|
' �

|

	

,

�

3
C
�

3�

|�

#
E�� � E|

�
c |

g
��� �

g[
�'2

� E|
�
c |

�
� �

�

$
n

������I|

4
D

' �

|

	

,

�

##
E�� � E|

�
c |

g
��� �

S
g

�'2
� E|

�
c |

�
� �

�S
g

�'2
� E|

�
c |�� � �

$
n
�����I|

$

' �

|

	

,

�

##
�� � E|

�
c |

g
�S

g

�'2
� E|

�
c |�� � �

� �

$
n
�����I|

$

' �|

	

,

�

�
E8|� � ��

n

��
I|

�
'

%
g[
�'2

� E|c |�� � �
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,

�

�
E8|�

� ��
n

��
I|

�
c
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zkhuh 8| lv d vzds euhdn0hyhq udwh/

8| '
�� � E|c |

g
�S

g

�'2
� E|c |

�
� �

�

�

Qrwh krz vlplodu wklv irupxod lv wr Eodfn*v irupxod$ Li zh fdq �qg d

prgho vxfk wkdw wkh vzds udwh 8| iroorzv jhrphwulf Eurzqldq prwlrq

xqghu

	

"

�
c zh zrxog kdyh d prgho lq zklfk wklv sduwlfxodu vzdswlrq lv

sulfhg xvlqj lqgxvwu|0vwdqgdug Eodfn*v prgho1

Zh zloo kdyh pruh wr vd| derxw wklv w|sh ri prghov odwhu lq wkh

frxuvh1

<1 Frqfoxvlrqv

D ulvn0qhxwudo phdvxuh lv fkdudfwhul}hg e| prqh|0pdunhw dffrxqw

ehlqj lwv qxphudluh1 Doprvw dq| wudghg lqvwuxphqw fdq eh xvhg dv d

qxphudluh krzhyhu/ jlylqj d fkrlfh ri phdvxuhv wr xvh lq frpsxwlqj

ydoxhv ri rwkhu lqvwuxphqwv1 Ydoxdwlrq ri pdq| lqvwuxphqwv fdq eh

vljql�fdqwo| vlpsol�hg e| wkh dssursuldwh fkrlfh ri d qxphudluh1 Ri

vshfldo lpsruwdqfh duh phdvxuhv wkdw fruuhvsrqg wr xvlqj erqgv dv qx0

phudluhv1 Wkhvh phdvxuhv duh fdoohg �iruzdug phdvxuhv�1 Wkh| fdq eh

frqyhqlhqwo| fkdudfwhul}hg lq wkh iudphzrun ri Jdxvvldq KMP prghov1

Uhihuhqfhv

^O4` Yodglplu Slwhueduj1 Khdwk0Mduurz0Pruwrq iudphzrun1 Ohfwxuh qrwhv/ 5333

^VF` Ohfwxuh qrwhv rq vwrfkdvwlf fdofxoxv/ 4<<<


